Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



/■AoJhsxbZ.'^i.z 



SCIENCE CENTER LIBRARY 

HORACE APPLETON HAVEN, 
OF PORTSMOUTH, N. H. 



ISJVcrr., I'i'jS, 



GEOMETRICAL DEDUCTIONS 



Book IL 



BLAIKIE AND THOMSON 



SfllorM b? tfie 0ame iaut|ior0« 



A TEXT-BOOK OP GEOMETRICAL DEDUC- 
TIONS, Book I. corresponding to Euclid, Book I. London : 
Longmans, Green and Co. Price 2S. 

'The best book we have on the sabitcL'—jicatUfny. 

By Mr. BLAIKIE. 

THE ELEMENTS OF DYNAMICS (Mechanics 
and Hydrostatics), with numerous Examples and Examina- 
tion Questions. 24th Thousand, revised and enlarged. Edin- 
burgh : James Thin. Price 3s. 6d. 

* A good introductory Text-Book for young Students.*— JVature. 

By Professor THOMSON. 

ALGEBRA, for the use of Schools and Colleges. London : 
Sampson Low, Marston, Searle, and Rivington. Price 5s. 

' The great feature of the vork is thoroughness and fuUiess of explanation.' 



AN INTRODUCTION TO DETERMINANTS, 
with numerous Examples, for the use of Schools and Colleges. 
Edinburgh : James Thin. Price 5s. 

' It fulfils everything that can fairly be demanded .in ft scientific elementary 
treatise. '—Scotsman. 



© 



A TEXT-BOOK OF 



Geometrical Deductions 



BOOK II. 
Corresponding to Euclid, Book II. 

WITH MISCELLANEOUS DEDUCTIONS FROM BOOKS 

/. AND II. 



BY 

JAMES^BLAIKIE, M.A. 

LATE FELLOW OF GONVILLE AND CAIUS COLLEGE, CAMBRIDGE 

• . AND 

W. THOMSON, M.A., B.Sc. 

PROFESSOR OF MATHEMATICS VICTORIA COLLEGE, UNIVERSITY 
OF THE CAPE OF GOOD HOPE 

FORMERLY EXAMINERS IN MATHEMATICS IN 
THE UNIVERSITY OF EDINBURGH 





LONDON 
LONGMANS, GREEN, AND CO. 

AND NEW YORK : 15 EAST i6th STREET 

1892 







Printed by T. and A. Constable, Printers to Her Majesty, 
at the Edinburgh University Press. 



PREFACE 

The object of this treatise is to afford a systematic 
course of training in the art of solving Geometrical 
Deductions or Eiders. With this view it is divided into 
sections, each section consisting of three parts. There 
is first a deduction worked out in full, which is intended 
to serve as a model for the student. This is followed 
by a number of similar deductions, which are to be 
written out by the student, the figure being given in 
each case, and such hints regarding the mode of solution 
as experience shows are required by beginners. Lastly, 
each section contains some deductions to be accomplished 
without this aid, no figures or assistance being given 
except an occasional reference to the proposition on 
which the proof depends, or to a previous example. 

As a rule, it is desirable that the proofs should de- 
pend upon propositions of Euclid, and not upon previous 
examples, the only exception being in the case of certain 
standard theorems which are indicated in the text. 

For convenience of reference, especially in the case of 
those who have used text-books other than Euclid's, the 
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enunciations of Euclid's propositions are given in an 
Appendix. 

It is not necessary, and perhaps not. desirable, that on 
his first reading the student should work through every 
example in each section. He should in each case, 
however, write out a suflBcient number to insure his 
mastery of the principles involved; the others will be 
found useful when he comes to revise. 

The exercises have been gathered from all available 
sources, including examination papers and geometrical 
text-books, English and foreign. 

The authors acknowledge valuable suggestions and 
assistance from Messrs. Butters, Clark, and Walker, 
Heriot's Hospital School; Mr. E. F. Davis; the Eev. 
W. F. Failes, Westminster School ; Mr. Hayward, Harrow 
School; Mr. Macdonald, Daniel Stewart's College; Dr. 
Mackay, Edinburgh Academy; Eev. J. J. Milne; Dr. 
Muir, Glasgow High School; Professor Eaitt, Glasgow 
Technical College ; Mr. Eobertson and Mr. Mackay, 
Edinburgh Ladies' College; Professor Scott Lang, Uni- 
versity of St. Andrews ; Eev. G. Style and Mr. Wynne- 
Edwards, Giggleswick School; Mr. Tucker, University 
College School ; Dr. Kolbe, Cape Town, and other friends. 

Additional parts, corresponding to the remaining books 
of Euclid, are in preparation. 
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signifies 


therefore. 


— 


j> 


is equal to. 


^^~ 


>> 


is equal in all respects to, is congi-uent 
withy or is identically equal to. 
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>> 


is perpendicular to or perpendicular to. 
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is parallel to or parallel to. 
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>) 


is greater than. 
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>> 
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together with. 
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diminished by. 
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angle. 
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rectangle contained by AB and CD. 
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BOOK 11. 



CHAPTER I. 



THEOREMS. 



§ 31. {Bookworh, Euclid, IL 1-3.) 

1. If A, B, C, D be four points in order in the same straicrlit 

line, the rectajigle ACBD shall be equal to the sum of the 

rectangrles AD'BC and AB'CD. 

{A Standard Theorem.) 

A g 5 P 

ACBD=ACBC+ ACCD, [Euc. II. 1. 

=ACBC+ABCD+BCCD, [ „ 

=AC-BC+CD-BC+ABCD, [By Transposition. 

= ADBC +AB-CD. [Euc. II. 1. 

2. Prove the above theorem by means of a Geometrical Oon- 
struction. 



H 



F ME 

Draw CE and DG±AD and equal to BD and BC respec- 
tively. 

Complete the rectangles AG, AE and AM. 

Prove that CG and KE are rectangles contained by_equal 
lines, and are therefore equal. 

. Hence show that AE=AG + LM, and deduce the required 
result. 
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3. The square on any straigrlit line is four times the square 
on hctlf the line. 

(A Standard Theorefn.) 



H 



B 



- O 



Use Euc. II. 1, to show that 

AB2=ABAE+ABEB, etc. ; 
or prove by Geometrical Construction. 
See also the proof given in § 20, Ex. 3. 



4. The square on any straight line is nine times the square 
on one-third of the line. 

Use Euc. II. 1, 



B 



or prove by Geometrical Construction. 



5. If AB be divided in D so that AD=2 DB, show that 

4AB2=9AD2. 

Use the methods of Ex. 3 and 4. 

6. If AB be trisected in C and D, show that 

AB2=AD2+B02+CDa 

7. If P be any point within a A ABO and PL, PM, PN be drawn 
1 BC, CA, AB ; «how that 

BOBLi+OAOM+AB'AN=BO-IiO+OA-MA+ABNB. 
A 

Use Euc. II. 3 to show that 

BC'BL=BL2+BLLC, etc. 

BCLC=BLLC+LC2, etc. 

and apply § 20, Ex. 1. 

8 If P be any point in AB, and Q be the mid-point of AP, show 
that ABAQ=2 AQ2+QP-PB. 

Use Euc. II. 3 to show that 

* 2 E ? ABAQ=AQ2+AQBQ, 

=AQ2+QPQB=etc. 

9. The hyi)otenuse BC of a rifirht-angled a ABC is divided in 
D, so that BCBD= AB2 ; show that BCDO=AC2. 
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§ 32, {Bookwork, Euclid, IL 1-4.) 

Definition. — If a point be taken in a straight line, its dis- 
tances from the extremities of the line are called segments of the 
line, and the point is called a Point of Internal Section. 

1. In a rifirlit-ansried triangle, the sqiiare on the altitude from 
the right angle is eqiial to the rectangle contained by the seg- 
ments into which the altitude divides the hypotenuse ; and the 
square on either of the sides which contain the right angle is 
equal to the rectangrle contained by the hypotenuse and its 
adjacent segment. (A standard Theorem.) 

Let ABC be a triangle, right-angled at A, and let AN be 
the altitude from A, it is required to prove that 

(1) AN2=BN-NC, 

(2) AB2=BC-BN, 
andAC2=BC-NC. 

A 




[Euc. I. 47. 



)» 



)} 



B N 

(1) AB2=BN2+AN2. 
Similarly AC2= NC^+AN^, 

BC2=AB2+AC2; 
.-. BC2=BN2+NC2+2AN2. 
But BC2=BN2+NC2+2BNNC; [Euc. II. 4. 
.-. AN2=BNNC. 

(2) As before, AB2=BN2+AN2; 

= BN2+BN-NC; 
= BNBC; 
= BCBN. 
Similarly AC2=BC-NC. 

a. Prove the above theorem by means of the geometrical 
construction employed by Euclid in pro^*iner Euc. 1. 47. 

K 



[Euc. II. 3. 
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3. In any triangrle in which the altitude from the vertex fiaJls 
within the base, the square on the base, togrether with twice 
the square on the altitude, Is equal to the squares on the sides, 
togrether with twice the rectangrle contained by the segrments 
of the base. 

A 

Use Euc. I. 47 and II. 4, 

to show that 

BC2+2AN2=AB2+ACH2BNNa 



4. If a straigrht line be divided into three segments, the square 
on the whole line shall be equal to the squares on the segments, 
together with twice the rectangles contained by each pair of 
segments. 

Consider AS as divided in C, and CB 

» o p B as divided in D, and apply Euc. II. 4 

to each. Use also Euc. II. 1. 

5. In the A ABC, z A is a right angle, and D, B are points in 
BC, such that BE=AB, DC=AC ; show that 

DEs»2BD'BC. 
A 

Obtain two expressions for BC^ by 
means of Euc. I. 47, II. 4, and by 
the method of the previous Ex. 

6. ABCD is a square, and through P a point in AB, PQB is 
drawn 1 AB, meeting AC in Q, and DO in R ; show that AP-PB 
«PQQR=iAQQO. 





Apply Euc. II. 4 to AB and AC, etc. 
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7. Obtain a second proof of Euc. II. 4 trom the theorem :— If, 
in the sides of a eriven square, four points be taken at equal 
distances from the angrular points towcu'ds the same parts, the 
flgrure contained by the straigrht lines which Join these points 
shall be a square. (§ 12, Ex. 18.) 



Use Euc. I, 4, I. 13, and I. 32, 
to show thatEFGH is a square. 

Use § 18, Ex. 5, to show that 
each of the triangles =^AE'EB, 
and.-. AB2=EF2+2AE-EB. 
Apply Euc. I. 47. 



8. If, in a rigrht-anfirled triangrle, one of the sides which contain 
the rierht angrle be equal to twice the other, the altitude tram 
the rlfirht angrle shall divide the hsrpotenuse into seerments, one 
of which is four times the other. 

A 




Use Ex. 1 (2), and § 31, Ex. 3 




9. ABC is a tricmcrle, rigrht-angrled at A, and on AB and AG 
sqviares ABFG, ACKH are described ; show that 

BK2+CF2=3BC2+4ABAO. 




B O 

Use Euc. I. 47 and II. 4. 



148 Geometrical Deductions [§32 

10. ABC is an isosceles triangrle, havingr AB«AO, and BN is 
the altitude from B ; show that 

(1) BN2=2AN-NC+NC2. 

(2) B02=2AO'NO. 




(1) Use Euc. L 47 and II. 4. 

(2) Deduce this from (1) by Euc. II. 3. 



11. If, in a triemerle, the square on the altitude be equal to the 
rectan^rle contained by the seerments into which the altitude 
divides the base internally, the an^rle firom which the altitude 
is drawn shall be a rigrht angrle. 

See Ex. 1 (1), to which this is a converse. 

12. O is the centre of a square ABCD, the diaeronal AOO is 
produced to E, so that CE=AB ; show that AE'sQCB*. 

Draw EFx AB, and prove EF=OE, etc. 

13. ABC is a triangrle, rigrht-angrled at A, D is the mid-point 
of BC, and from D, DE is drawn ± BC, meeting AB produced if 
necessary in E ; show that BC2=2BA-BE. 

Join EC, and use Euc. I. 47 and II. 4, etc. 

14. AB is divided into five equal parts at C. D, B, P ; show that 

AB2=AB2+AF2. 

15. Prove Ex. 4 by means of a greometrical construction similar 
to that used in Eua II- 4. 

16. A, B, C, D are four points in order in a straight line, and 

BC=CD; show that 

AB2+2ACCD=AC2+CD2. 

17. A, B, C, D, E are five points in order in a stralgrht line, and 

BC = CD; show that 

AC2+BB'D"E = CB2+ AB-AD. 
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§ 33. (BookworJcy Euclid, IL 1-6.) 

1. The roctiskntrle contained by the sum and the difference of 
two straigrht lines is equal to the difference between their 
SqucU'es. (A standard Theorem.) 

Let AB, CD be the two given straight lines, and let AB> 
C D, it is required to prove that 

(AB+CD).(AB-CD)=AB2-CD2. 



^ 



B 



F 



C 



D 

-i 



Produce AB to E, so that BE=AB. 
From BE cut off BF = CD. 

AF.FE + BF2=AB2. [Euc. IL 5. 

.-. AF.FE=AB2-BF2, 
or(AB+CD).(AB-CD)=AB2-CD2. 

2. Deduce the same theorem from Euc. II. 6. 



G 



B 



Produce AB to F, so that BF=CD. From BA cut off 
BG=CD. Use Euc. IL 6. 

3. Prove the same theorem by means of a ereometrical con- 
struction. E D K 



U. 



C B 

Let AB, AC be the given straight lines. Describe squares 
on them as in the figure, and produce E D to K, so that 
D K = AC. Produce G F and draw K L J. G F. 
Prove EL=EH + FB, etc. 
Observe that this is a general theorem, of which both Euc, IL 5 
and II. 6 are particular cases. 
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4. The difference between the squares on two sides of a 

triangrle is equal to twice the rectangrle contained by the base 

and the segrment of the base intercepted between its mid-point 

and the foot of the altitude. 

{A Stand^trd Theorem.) 

A 





Use § 20, Ex. 5 and § 33, Ex. 1. 
Show that 2DN = BN-NCin figure 1, and that 

2DN = BN + CN in figure 2, and hence that 
AB2-^AC2=2BC.DN. 

6. In the a ABC, D, B, P are the mid-points of BO, CA, AB, 
and AP, BQ, OR are the altitudes. If BO>OA> AB, show that 

BOPD+ AB-RF = A-BQ. 
A 





As in the previous Ex., show CA^— AB2=2BC-PD, etc. 

6. In the A ABO, AB= AO, and PQ || BO, meeting: AB, AC in P, Q ; 
show that BQ2 - 0Q2 = BC-PQ. 



Draw PM, QNJ.BC. 

Use § 20, Ex. 5 and § 33, Ex. 1. 

Consider, also, the cases in which P is a 

point in AB, or BA, produced. 




bHW 
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7. In the A ABC, AM bisects z A, CM ± AM, and meets AB in 
D, and BN ± CD ; show that BC2 - BD2=40M-MN. 



Compare Ex. 4. 




8. If a square and a rectangrle have the same perimeter, show 
that the square has the Grreater area. 

In the figure of £x. 3, show that AD and EL have the 
same perimeter, but that AD=EL+AF. 

9. In a rigrht-an^rled tricmgrle, the square on one of the sides 
which contain the right angrle iis equal to the rectansrle contained 
by the sum and difference of the hypotenuse and the other side. 

Use Ex. 1. 

10. A, B, C,'D are four points in order in a straigrht line, and 
AB^BC : show that AD^ - CDa=2AC'BD. 

Use Ex. 1. 

11. A, B, C, D are four points in order in a straigrht line, and 
AB=BD ; show that AOa-CD2=2ADBC. 

12. A, B, C are three points in a strai^rht line, such that 
- AB=BC, and P Is any point in the line ; show that 

AP2-CP2=4AB-BP. 

13. ABC is an Isosceles tria.nsrle, and D is the mid-point of 
the be.se BC ; BC is produced to E, so that DE=AB ; show that 

ADa=BECB. 

»■ -. 

14. ABC is a triangrle, rigrlit-anerled at A, E is the mid-point 
of AC, and EM is drawnlBC ; show that BM^-OyP=AB^. 

15. A, B, C, D, E, F are six points in order in the same straigrht 
line, and AB » BC » CD = DB ; show that 

AF2 - EF2=2 (BF2 - DF^). 
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§ 84, {Bookwork, Euclid, II. 1-8.) 

Definition. — If a point be taken in a straight line prodtuxd, 
its distances from the extremities of the line are called Segments 
of the line, and the point is called a Point of External Section. 

A straight line is equal to the sum of the segments into 
which it is divided by an internal point, and to the difference 
between the segments into which it is divided by an external 
point. 



1. If, fix>m the vertex of an Isoeoelee triangle, a straicrht line be 
drawn to meet the base, or base produced, the diiferenee of the 
squares on this line, and on one of the equal sides of the trian^rle, 
is equal to the rectanfirle contained by the segrments of the ba^e. 

(A standard Theorem.) 





In the A ABC, let AB=AC, and P be any point in BC, 
or BC produced, it is required to prove that 

AB2^AP2=BP.PC. 



Bisect BC in D, and join AD. 




ADxBC, 


[§ 3, Ex., 1. 


.-. AB2-AP»=BD««DP''; 


[§ 20, Ex. 6. 


=(BD+DPHBD~DP); 


[§ 33, Ex. 1. 


=(BD+DPHDC~DP); 


[Construction. 


= BPPC. 
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In figure 1, when P is in BC, this result becomes 

AB2-AP2=BP.PC; * 
but in figure 2, where P is in BC produced, it is 

AP2-AB2=BP.CP. 

Note, — It is to be observed that these two results are 
algebraically identical, if we assume that CP= — PC, and 
therefore BP-CP= — BP-PC; or, in other words, that the 
line PC changes its sign when P passes to the other side of C, 
so that the line is measured in the opposite direction. 

A similar use of the sign — to indicate the opposite direction 
is made in Trigonometry. 



2. If a straiarlit line be divided externally, the square on the 
straierlit line is eqiml to the sum of the sqtiares on the segr- 
ments diminished by twice the rectanfirle contained by the 
sefirments. 

{A Standard Theorem.) 

Use Euc. 11. 7 to show 

that h , ? ? 



AB2=AP2+BP2-2AP-BP. 

The above theorem may be regarded as an alternative 
method of stating Euc. II. 7. It shows the relation which that 
proposition bears to Euc. II. 4, 

Note, — Here, as in Ex. 1, we observe that when the point of 
section is external instead of internal, the same theorem holds 
jgood if we consider that one of the segments, and therefore 
the rectangle contained by the segments has changed sign, and 
must be subtracted instead of added. 
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3. In any trianerle, in which the altitude from the vertex 
taXiB beyond the base, the square on the base, togrether with 
twice the square on the altitude, is equal to the sum of the 
squares on the sides diminished by twice the rectcuierle con- 
tained by the segrments of the base. 




Use Euc. I. 47 and IL 7 (or Ex. 1) to show that 
BC2+2AN2=AB2+AC2-2BN.CN. 

Compare § 32, Ex. 3, and observe that the results are 
algebraically identical if we assume that C N = — N C. 



4. If, in the produced sides of a griven square, four pointa be 
taken at equal distances from the an^rular points, towards 
the same parts, the flgrure contained by the straifirht lines 
which Join these points shall be a square. 



Hence obtain a second proof of Euc. II. 7. 



H 



7 






-^ 


.^ 


/ 


A : 




B 


/ 


/ 


D 




C 


/ 


^ 




-^ 


..^ 


^ 

V 



Compare § 32, Ex. 7. 
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5. The square on the sum of two straigrht lines exceeds the 
square on their difference by four times the rectangrle con- 
tained by the two lines. 

Q ^ D 



Let ABy BC be the given lines. 
Show by a geometrical construction, 
as in the figure, that 

(AB+BC)2=(AB-BC)2+4AB.Ba 
Or deduce from Euc. 11. 8. 



H 



M 



TT 



K 



B 



6. The square on the sum of two strai^rbt lines, toerether 
with the square on their difference, is equal to twice the svim 
of the squares on the if^o straifirht lines. 

Use Euc. II. 4 to show that 

(AB+CD)2=AB2+CD2+2ABCD, 
and Ex. 2 or Euc. II. 7 to show that 

(AB-CD)2=AB2+CD2-2AB.CD, 
and add the results. 

For a geometrical proof see § 35, Ex. 2. 

7. If the straigrht line AB be bisected in C and produced to D, 
so that the square on BD is equal to twice the square on BC, 
show that the rectangrle ADBD shaU be equal to the rect- 
angrle AB«OD. 

8. AB is divided in P and Q, so that^AP^QB; show that 

AB2+PQ2=2AP2+2PB2. 

9. ABCD is a quadrilateral, rigrht-angrled at A and C. From 
B and D, BM and DN are drawn±AC. Prove AM- ON. 

Use Euc. I. 47, § 20, Ex. 5, and § 33, Ex. 1. 



10. A, B, C, D are four points in order in the same straigrht 
line, and AB=2BD; show that A02+20D2«AB2+2BDi+3B02. 
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§ 35, {Bookwork, Euclid II. 1-10.) 

1. ABC is an isosceles rierbt-ancrled trianerle, and P is any 
point in the hs^otenuse BC, or in BC produced ; show that 

BP2+PC2 = 2 AP2. 





Bisect BC in D. Join AD, A P. 

D is the mid-point of the hypotenuse of the right-angled 
A ABC. 

.-. AD=BD=CD. [§12. Ex. 1. 

and since the A ABC is isosceles, the median AD j. BC. 

[§ 3, Ex. 1. 



In either figure, 

BP2+PC2 



= 2BD2-f2DP2. 
=2AD2+2DP2 
= 2AP2. 



[Euc. XL 9 and 10. 

[Proved above. 

[Euc. I. 47. 



2. The square on the sum of two straigrht lines, to£rether with 
the square on their difference, is eqiml to twice the svun of the 
squares on the two straigrht lines. {A Standard Theorem.) 

Show that Euclid II. 9 and 10 are particular cases of this 
general theorem, and prove it by a method which shows how 
the one set of squares can be fitted together so as to form 
the other set. 
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Let AC, CD be the two straight lines, produce CD to E 
so that CE=AC, and cut oflf AB=DE, then we have to 
show that (AC+CD)2+(AC-CD)2=2 AC2+2 CD2; 
that is, that AD2+DE2=2 AC2+2 CD^. 

Since AB=DE, this corresponds with IL 9, if we consider 
AE as the line bisected in C and divided in D, while it 
corresponds with II. 10, if we consider BD as the line 
bisected in C and divided externally in A. 

Q H I F Q I 



B 



M N 



J ,L 

R I 

S T 

o- 



B 



In figure 1, describe squares on AD, DE, AC, CE, KL, 
and prove FK = MP, and hence 

AI + DP=AL+CN + KH + LI; etc. 

Otherwise — 

In figure 2, describe squares on AD, DE, AC, CD, FJ, and 
prove RL=LS=DE, and hence that 

the gnomon QT + D P = A L, etc. 

This latter construction is due to Miss Hilda Hudson. See Nature, 
December 24, 1891. 

Observe, also, that since 

AC=J(AD+DE), CD=J(AD-DE), 
the theorem may also be enunciated thus : — 

The sum of the squares on two straigrht lines is equal to twice 
the square on haJf the sum of the straigrht lines, togrether with 
twice the square on half their difference. 
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3. Points H and K are taken in the base BC of an isof^celes 
rierht-angled a ABC, such that BK=CH=;AB; show that 

(1) HK2=BH2+K02; 

(2) BC2=BH2+KC2+2BC.HK. 
(1) Use Euc. II. 9, and show that 

8H^=2HD2, etc." 
.^ (2) Use Euc. II. 4, etc. 

4. A, B, C, D are four points in order in the same straigrht 
Une, and AB=BD ; show that A02+CD2=4 BC3+2AO-OD. 

A B O D 

y . I ll 

Use Euc. II. 9 and II. .5. 

5. A, B, C, D axe four points in order in the same straigrht line, 
and AB=BC ; show that AD2+OD2=4 BD2-2AD-CD. 

A B Q p 



Use Euc. II. 10 and 11. 6, 



Compare with preceding Ex. in view of the notes to § 34, 
Exx. 1, 2. 

6. A, B, C, D are four points in order in the same straigrht line, 
and AB>OD ; show that A02+CD2>AB2+BD2. 

^ ? 9 5 P 

Bisect AD in O, and use Euc. II. 9. 

7. ABCD is a square. If E be a point in AC, or AC produced* 
show that the triangle whose sides are AE, CE, and the 
diagronal of the square on BE is rigrht-ang>led. 

Prove that AE2+EC2=2BE2. 

8. ABC is an isosceles triangrle, and P is any point in the base 
BC, or BC produced; show that BP2+CP2+2AB2-2AP2=B02. 
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§36. (Boohwoi'Jcy EvcuB II., I'll.) 

1. If, in the figure of Euclid II. 11. AD be produced to F\ so that 
EF^BB, and BA be produced to H' so that H'A-AF, then 
AH'«=ABH'B. 

Q 



K' 



H' 




Of F' 

Complete the square AH'G'F', and produce CD to meet 

H'G' in K'. 

AF.DP+AE2=EF'2; [Euc. II. 6. 

= EB2; [Hypothesis. 

=AE2+AB2; [Euc. I. 47. 

.'. AF'.DF'=AB2; [Subtracting equals. 

or DPG'K'=ABCD. 

.-. APG'H'=BCK'H'; 

orAH'2=BC.H'B=AB.H'B. 

Definition. — WTien a straight line is divided^ either internally 

or externally, into two segments, such that the rectangle contained 

by the whole line and one segment is equal to the square on the 

other segment, it is said to be divided in Medial Section. 

In the above figure AH ^ = AB-H B, [Euc. II. 1 1. 

and AH'2=AB.H'B. [Proved above. 

Thus AB is divided internally at H and externally at H' 

in medial section. 
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2. AB iB divided internally at H and externally at H' in medial 
section ; show that 

a)AB=H'A-AH; 
(2.) AH2-BH2=AHHB ; 
(3.) BH'3-AH'3=H'A-H'B; 
(4.) AB9+BH3»8AH9; 
(&)AB3+BH'9»8AH'S; 
(6.) AB-AH=H'AHB ; 
(7.) AB-H'A=AH-H'B. ' 

W Jf^ H B 



(1) Show from construction of figure to Ex. 1^ that 

AB=AP-AF, etc. 

(2) AH2-BH2=ABHB-BH2, etc. 
(4) Deduce from (2) by Euclid II. 4. 
(6) UseEuc. II. 3, and II. 11. 



a AB is divided intemaUy at H and eztemaUy at H' in medial 
section ; O is the mid-point of AB, and O' is the mid-point of 
HH' ; show that 

(1.) 0'A=AO ; 
(2.) AHHB=20HAB ; 
(3.) H'AH'B=2H'OAB; 
(4.) 0'A2+0'HS=aBAB. 

h; O' A OH B 

(1) Deduce from Ex. 2 (1). 

(2) Use Ex. 2 (2), and § 33, Ex. 1. 
(4) Use Euc. II. 9 and 11, and Ex. 1. 
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4. In the figure of Euclid II. 11, if FC meet AB in T and HK in 
M, and if DH meet BE in O and BF in N ; show that 



(1.) AK, FC, GB are parallel ; 

(2.) AT=HB. GH=MK, FT=MO ; 

(3.) DH i. BF ; 

(4.) AO JL DH ; 

(5.) BP2=6ABa ; 

(6.) FG, DH, CB are concurrent. 




(1) ShowthatAFAK = ACAK, 

and AGAK = ABAK. 

(2) Use Euc. I. 34. 

(3) Show that A FAB = AHAD, and hence that 

A H N B is equiangular with A HAD. 

(4) Show that A BON is equiangular with 

A FDN, and hence that EO=ED, etc. 

5. AB is divided in H, so that AB*HB=AH^ and AT is cut off 
equal to HB ; show that AH-TH=AT2. 



6. If L he the mid-point of AH in the above figure, show that 
BL2=6AL.2. 

L 
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§ 37, {Bookwork, Euclid II. 1-13.) 



1. In any triangle, the sum of the squares on two sides is equal 
to twice the squeure on half the third side, togrether with twice 
the square on the median which bisects it. {A standard Theorem.) 

A 






[Euc. II. 12. 
[Euc. II. 13. 



B D ON B D O 

Let AD be the median from A in the A ABC ; it is 
required to prove that 

AB2+AC2=2BD2+2AD2. 
In figures 1 and 2, draw ANXBC, or BC produced, and of 
the two z. s ADB, ADC, let AD B be obtuse. 

AB2=BD2+AD2+2BDDN. 
AC2=DC2+AD2-2DCDN. 
But BD=DC; 
. . BD2=:DC2; 
and BDDN = DCDN; 
.-. AB2+AC2=2BD2+2AD2. 
If, as in figure 3, AN coincide with AD ; 

AB2=BD2+AD2, 
AC2=CD2+AD2; 
.-. AB2+AC2=2BD2+2AD2 



[Euc. I. 47. 



2. In any parallelogrram, the sum of the squares on the four 
sides is equal to the sum of the squares on the diagronals. 
A D 

Apply Ex. 1 to As ABC. ACD, 
using § 15, Ex. 1, and § 20, Ex. 3. 
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3. In any quadrilateral, the sum of the squares on the diagonals 
is equal to twice the sum of the squares on the straifirht lines 
Joining the mid-points of opposite sides. 

Use § 16, Exx. 1 and 3, to show that 
AC2+BD2=2 (EF«+FG2+GH2 
+ HE2), 
and apply the previous Ex. 



4. In any quadrilateral, the sum of the squares on the sides is 
eqiial to the sum of the squares on the diagronals, together with 
four times the square on the straight line joining the mid-points 
of the diagonals. 

A 





Join AJ, JC. 

Apply Ex. 1 to each of the 
As ABD, CBD, AJC. 



Observe that Ex. 2 is a particular case of Ex. i ; for, when 
A BCD is a parallelogram, I and J coincide with O. 

6. In any triangle, three times the sum of the squares on the 
sides is equal to four times the sum of the squares on the 
medians. 

A 



Apply Ex. 1 to each pair of sides, 
and add results. 



6. If 6 be the point of intersection of the medians of a a ABC, 
show that 3(AQ«+BG2+CG2)=BCHCA«+AB2. 

Apply Ex. 1 to each of the As BGC, CGA, AGB 
and add the results, remembering that 
AG2=4DG2, etc. 
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7. O is the centre of a square ABCD, and P is any other point ; 
show that PAa+PB2+P0a+PD2=2AB2+4PO2. 

A P A D 





B C B O 

Apply Ex. 1 to the As PAC, PBD. 

8. ABC is a triangle, rigrht-angrled at A ; E and F are the mid- 
points of OA and AB ; show that 4(BE2+CF2)=5BC3 

Apply Ex. 1. to the 
As ABC, BCA; 
or use Euc. I. 47. 

9. D, E, F are the mid-points of the sides of the a ABO, and P 
is any point ; show that 

4(PA2+PB2+PC2)=4(PD2+PB2+PF2)+BC2+CA2+AB3. 

A P A 






B D OB D O 

Apply Ex. 1 to the As PBC, PC A, PAB. 

10. D is a point in BC, the base of a A ABC, such that 2BD»DO ; 
show that 2AB2+AC2=eBD2+3AD2. 

DrawAN±BC. 
2AB2=2BD2+2AD2+4BDDN. 

[Euc. II. 12. 
AC2=DC2+AD2-2DCDN 
D N o [Euc. II. 13. 

Consider the case in which l ADB is acute. • 
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11. Q is the point of intersection of the medians of the a ABC, 
and P is any other point ; ehow that 

PA2+PB2+PCS=GA2+GBa+G02+aPGa. 

(A Standard Theortn.) 





B D O 

Apply Ex. 1 to A PBC, and Ex. 10 to A PAD, and deduce 
that PA2+PB2+PC2=2BD2+6DG2+3PG2. 
Use Ex. 1 to show that 

GA2+GB2+GC2=2BD2+6DG2. 

12. The hypotenuse BC of a rigrht-anfirled a ABC is trisected 
in D and E ; show that AD2+ AEs»5DEa. 

13. If two medians of a triansrle be equal, the triangle shall be 

isosceles. 

Use Ex. 1. 

14. ABCD is a trapezium in which AD is parallel to BC; 
G, H are the mid-points of AB, CD ; show that 

AC2+AD3+BC2+BD2=AB2+CD2+4GH2. 

15. K is the point of intersection of the diagonals AC and BD 
of the quadrilateral ABCD, and O is the mid-point of the straigrbt 
line Joiningr the mid-points of the diagronals ; show that 

KAa+KB2+KC2+KD2=OA2+OB2+OC2+OD2+4K02 

Use Euc. II. 9 and Ex. 1. 

16. ABCD is a diameter of two concentric circles, and P, Q are 
points on the inner and outer circles respectively ; show that 
PA2+PD2=QB2+QC2. 

17. ABC is a triangle, and D is a point in BC, such that 
3BD»DC ; show that 8AB2+AC2«12BD2+4AD2. 

Compare Ex. 10. 

18. A, B, C, D are four points, E is the mid-point of AB ; EC is 
divided in F, so that 2EFsFC; FD is divided in G, so that 
8FG=GD, and P is any point ; show that 

PA«+PB2+PC»+PDa»GA«+GBa+GC9+GDa+4PQ«. 
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§ 38. {Boohvm% Euclid, II. 1-1 4.) 



1. Two rigrht-angled as ACB, ADB have the same hypotenuse 
AB ; AD, BC intersect in O ; it is required to prove that 

AOOD=BO.OO. 





B A 



In figure 1, l AOB is obtuse. 

.-. AB2=A02+OB2+2AO.OD. 
Similarly, AB2=A02+OB2+2BO.OC ; 
.-. AO.OD = BO.OC. 

In figures 2 and 3, l AOB is acute. 

.-. AB2=A02+OB2-2AO.DO. 
Similarly, AB2=A02+A02-2BO.CO; 
.-. AO.DO=BO.CO. 




[Euc. I. 16. 
[Euc. II. 12. 



[Euc. I. 16. 
[Euc. II. 13. 



Definition. — The Orthogonal Projection of one straight line 
on another is the part of the latter intercepted between perpendiculars 
let fall on it from the extremities of the former, 

B Thus, if, from A and B, AL, BM be 

drawn perpendicular to CD, LM is the 
projection of AB on CD. It is clear 
MT) that the length LM depends only on the 
length of AB and the angle which AB makes with CD. 

In Ex. 1, CO is the projection of AO on BO, and DO is 



c L 
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the projection of BO on AO. The theorem may, therefore, 
be stated thus : — 



If there be two straight lines, the rectanerle contained by the 

first and the projection on it of the second is equal to the 

rectanerle contained by the second and the projection on it 

of the first. 

(Jl Standard Theorem.) 



2. In a trapezivun the svun of the squares on the dia.8ronals is 
equal to the sum of the squares on the oblique sides, toerether 
with twice the rectangrle contained by the parallel sides. 



Draw BM, CN ±AD, or AD produced. 
Apply Euc. II. 12 or 13 to 

As ABD, ACD. 
Then use Euc. II. 1. 




3. H is the point of intersection of the altitudes AP, BQ, CB 
of the acute-angrled A ABC ; show that 

BC2+CA2+ AB2= 2(AP.AH+BQBH+CR-CH). 



Apply Euc. II. 13 to As BHC, CHA, 
AH B, and add the results. 




Examine the case in which the triangle is obtuse-angled. 
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4. Prove, by means of a greometrical construction, that in 
obtuse-angrled triancrles the square on the side opposite the 
obtuse anfirle is equal to the sum of the squares on the other 
two sides, togrether with twice the rectancrle contained by 
either of these sides, and the projection on it of the other side 
(Sue. IL 1^. 





In figure 1, construct squares as in Euclid I. 47, and draw 
BRP, CSQXAC, AB. 

As in Euc. I. 47, show that 

BL=FS=AF+AQ=AB2+BA.AS; 
and similarly, that C L = C A2 + C A- A R. 

Join, B H, CG, and use Euc. I. 4 and I. 39 to prove AQ= AP. 
Otherwise — 

In figure 2, on BC describe the square BCDE, and on BE, 
ED, CD describe the As BFE, EGD, CKD congruent with 
ABAC. Complete the square ABFH, and join HG, HK. 
Show that the square BCDE=the figure BACKDGEF, and 
show that A F = A B2, D H = AC^, and that each of the parallelo- 
grams AK and EH is equal to the rectangle BA*AN. 

Compare § 20, Ex. 8, 
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6. Prove, by means of a greometrical construction, that in any 
triangrle the square on the side opposite an acute angrle is 
equal to the sum of the squares on the other two sides, dimi- 
nished by twice the rectangle contained by either of these 
sides, and the projection on it of the other side (Euc. II. 13). 
Q 





L E 

The constructions are similar to those of the previous Ex. 

In figure 1, show that BL=FS=AB2— AB-AS, etc. 
Otherwise — 

Infigure2, AHFBC + GHKCD=GHFBCD+AHKC. 
Hence, show that AB2+AC2+2AABC=BC2+EFHG + 

AHKC+2AABC. 

Show, also, that EFHG=AHKC=AB-AN, and deduce the 
theorem. 

6. If a rectangrle and a square be equal in area, the sqviare 
shaU have the lesser perimeter. 

Use Euc. II. 14 to show that 
ABCD=BKHG, 
and show that 

perimeter of AC=4FG, 
perimeter of BH=4BG, etc. 

Compare § 33, Ex. 8. 
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7. The z ACB of a A ABC is four-thirds of a rigrht angle ; show 
that AB«=AC2+B02+ACBC. 



Show that AC=2CN, [§13, Ex. 1. 
and use Euc. 11. 12. 

B o 

8. The z ACB of a A ABC is two-thirds of a riierht angrle ; show 
that AB2=AC2+BC2-ACBC. 

Use § 13, Ex. 1, and Euc. II. 13. 

9. If, in the a ABC, AC=BC, and /l ACB = four-thirds of a right 
angrle ; show that AB2=3AC2. 

10. O is a point within the a ABC such that 

z BOC= zCOA= zAOB ; show that 
BC2-fCA2+AB2=2(OA2+OB2-fOC2)+OBOC-+-OCOA+OAOB. 

11. If, in the a ABC, BQ and CB are the altitudes from B 
and C, and the z s B, C are both acute ; show that 

BC2= BABR -fCACQ. 

Use :fiuc. 11. 12 or 13, and Ex. (1). 
Consider the case in which the z. B is obtuse. 

12. H is the orthocentre of the a^cute-ansrled a ABC and AP, 
BQ, CB are the altitudes ; show that 

(1) AHHP=BHHQ=CHHR. 

(2) AH3+BC2=BHa+CA2=CH2-+-AB2. 

For (1) use Ex. 1, for (2) use § 20, Ex. 5 or Euc. II. 12; 

13. In the a ABC, AC=BC, and AN l BC, or BC produced; 
show that AB2=2BCBN. 

Frojedions. 

14. If two straight lines be eqiial and paraUel, their projec- 
tions on any other straight line shaU be equal. 

Enunciate and prove two converses to this theorem. 

15. A, B are points on the bisector of the i XOY ; P, Q are 
their prctjections on OX ; and R, S are their projections on OT ; 
show that PR ;i QS. 

Note. — The projection of a point on a straight line is the foot of the 
perpendicular drawn from the point to the line. 



CHAPTER 11. 



PROBLEMS. 



§ 39. Problems which follow directly from kiwwn propositions, 

1. Divide b tstveai Btraifirlit line into two parts so that the 
rectangrle contained by the parts shall be equal to a driven 
square. 

This is a converse problem to Euc. II. 1 4, and the following 
construction is at once suggested. 




A O ^ 

Construction — 

Bisect AB in O, and describe a circle with O as centre and 
OA as radius. 

Through O draw OC±AB and equal to a side of the 
given square. 

Through C draw CP||AB, meeting the circle in P, and 
through P draw PQi.AB. 

Q shall be the required point of section. 

Proof — 

AQ.QB+OQ2=A02; [Euc. 11. 5. 

= P02; 

= PQ2+OQ2; [Euc. I. 47. 

.•.AQ.QB=PQ2 
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Observe that if PC be produced to meet the circle again ifi 
P', and P'Q' be drawn ± AB, a second point will be found to 
satisfy the condition, but that, if OC > OA, no point satisfies 
the condition. 

Observe, also, that APB is a right-angled triangle, and 
compare § 32, Ex. 1. 

2. Construct a squcure. equal to n times a ETiven. sqiiare. 

Let AB be a side of the given square. 
Produce AB to C, so that 
BC=7?AB, 
c and proceed as in Euc. II. 14. 

This problem may also be solved by means of Euc. I. 47. 

3. Construct a rectangrle equal to a griven square and havingr 
one side equal to a griven straierbt line. 

Let BC be a side of the given 
square and be ± AB the given 
straight line. 

D ° 

Produce A B and draw CD±AC, etc. 
Use § 32, Ex. 1. 
Compare Euc. II. 14. 

4. Produce a given straight line, so that the rectangrle con- 
tained by the whole line thus produced, and the part produced, 
shall be equal to a griven sqiiare. 

Let AB be the given straight line, 
CB a side of the given square. 

Produce AB and make OP=OC 
where O is mid-point of AB. 
Use Euc. IL 6. 
Compare Euc. IL 14. 
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6. Produce a eriven straigrht line AB to P, so that AB'AP shall 
be equal to the square on a driven straigrht line AC. 



See § 32, Ex. 1 (2). 




6. A, B are fixed points and XY is a griven straigrlit line ; find 
a point P in XY, such that AP^+Bpa may be a minimum. 

B 
A__ -^ 7 A 





Bisect AB in O, and draw OP-LXY. 
Use § 37, Ex. 1, and § 8, Ex. 1. 

7. Construct a rectang'le havingr eriven the area and the 
perimeter. 

Observe that in Ex. 1, AB is one-half the perimeter. 

8. Construct a square which shall be equal to 

(1) A griven parallelogram. 

(2) A griven triangrle. 

9. Construct a rectangrle equal to the sum of two griven 
squares, so that one side of the rectangrle may be equal to a 
griven straigrht line. 

10. Construct a rectangrle equal to the difference of two 
griven squares, so that one side of the rectangrle may be eqiial 
to a griven straigrht line. 

11. Divide AB in P, so that 

(1) AB2+PB2=8AP2. 
(2)AP2-PB2=APPB. 

See § 36, Ex. 2. Can P be a point of external section ? 

12. Produce AB to P so that AB'BP may be equal to a griven 
square. 

See § 32, Ex. 1. 

18. Divide a straight line so that the rectangle contained by 
the segrments may be a maximum. 

Use Euc. XL 5. 

14. Divide a straight line so that the sum of the squares on 
the segrments may be a minimum. 

Use Euc. XL 9. 
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§ 40. Analysis aiid Synthesis. 

1. Divide one side of a triangle, so that the sum of the squares 
on its segrments may be equal to the sum of the squares on the 
other two sides of the triangle. 





Analysis. 

Suppose that BC is divided in P, so that 
AB2+AC2=PB2+PC2. 

If D he tlie mid-point of BC, 

AB2+AC2=2AD2+2BD2. [§ 37, Ex. 1. 

Also PB2+PC2=2PD2+2BD2 [Euc. II. 9, 10. 

Hence we see that PD =AD. 

This suggests the following Construction — 

Bisect BC in D. 
Join AD and cut oflf DP= DA. 
P is the point required. 
Proof — 

AB2+AC2=2AD2+2BD2. [§ 37, Ex. 1. 

= 2PD2+ 2 B D2. [Construction. 

= PB2+ PC2. [Euc. II. 9, 10. 

A second solution can be obtained by cutting off 

DF=AD. 

Observe that P is in BC, or BC produced, according as z. A 
is obtuse or acute, and falls on B when z. A is right. Com- 
pare § 12, Ex. 6. 
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2. Produce a eriven strciigrht line AB to P, bo that 

AB3+BP2=2APBP. 

Suppose P found. Then 

AB2+BP2=:2APBP, 
•. 2AB2+BP2=:AB2+2APBP 

=AP2+BP2. [Euc. II. 7. 
.-. AP2=2AB2, 
from which the Construction easily 

follows. 

3. On a eriven base AB, construct a a PAB such that 

PA2=PB3+3AB2. 

Suppose PAB the required triangky 
aiid draw PNXAB. 

PA2=AB2+PB2+2ABBN, 

[Euc. 11. 12. 
hut PA2=AB2+PB2+2ABAB, 

[Hypothesis. 
.-. BN = AB. 

Hence we obtain a construction for PN the locus of P. 

4. A, B, C are three points in order in the same straigrht line. 
Divide AB in P so that AP'AC=2PB2+PB BG. 




Suppose P founds then 

AP.(AP+PB+BC)= 

PB.(PB + PB + BC), 

which is evidently satisfied when 

AP=PB. 



S. 



5. ABC is a triangrle in which AB>AC; produce BC to P, 
so that BC CP = AB2 - AC2. 

A 





Suppose P found. Draw AN±BC, and use § 20, Ex. 5, 
and § 33, Ex. 1, to show that N P= BN. 
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6. Construct a rectcmerle, having eriven the area and the differ- 
ence of two adjacent sides. 

Let AB be the given diflference, 
BC^ the given area. 

Produce AB to P and Q, and 
suppose PB-BQ=BC2. 

, ■ ^^ Then PB-BQ=AB. 

^ ^ ^ ...PA=BQ. 

Also PBBQ=OQ2-OB2, if O be the mid-point of AB, 
and BC2=OC2-OB2. ,-. OQ=OC. 

7. Produce AB to P, so that AB8+AP2=2AP-BP. 

Compare Ex. 2. 

8. Divide a eriven straight line extemaUy, so that twice the 
rectangle contained by the segments may be equal to the differ- 
ence of their squares. 

HereAP2=BP2+2AP.BP. 
Write AB + BP for AP and use II. 4, etc. 

9. A, B, C are three points in a straight line ; find a point P in 
AC produced such that 

BP2=APBC. 

It will be found that the required condition reduces to 

BP.CP=AB.BC. 
If by Euc. II. 14 a square be formed equal to AB-BC, we 
have the case of § 39, Ex. 3. 

10. O is the mid-point of AB ; divide AB in P so that 

4APPB=3AOa. 

11. Divide AB in P, so that AB2+PB2=2AP2. 

Use Euc. II. 7, etc., to show that (AB + AP)2= 3AB2. Then 
use § 39, Ex. 4. 

12. P is a point in AB ; find a point Q in AB produced, so that 
AQ2+BQ2=2AP2-1-2PB52. 

13. Produce AB both ways to P and Q, so that PA'AQ and 
PB'BQ may be respectively equal to two given squares. 
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§ 41. Loci and intersection of Loci. 



1. Find the locus of a point, the sum of the squares on whose 
distances ftom two given points is equeU to a eriven square. 

{A Standard Locus.) 




Let P be any point which satisfies the condition 

PA2+PB2=CD2. 

Bisect AB in O. Join PA, PB, PO. 

PA2+PB2=2A02+2P02, [§ 37, Ex. 1. 

.-. 2A02+2P02=CD2; 

.-. P02=|CD2-A02 

Thus PO is of constant length, and P must lie in the cir- 
cumference of the circle whose centre is O and radius PO, and 
any point in this circumference satisfies the condition. 

When |CD2> AO^ a line equal to PO may be constructed 
by using § 20, Ex. 2, and § 22, Ex. 7. When JCD2=A02, 
O is the only point which satisfies the condition. 
When^CD2<A02, there is no locus. 

M 
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2. Find the locus of a point, the difference between the 
squares on whose distances fix>m two griven points is equal 
to a firiven sqiUU^e. {A standard L0CU8.) 




Let PA2^PB2=CD2. 

Draw PN±AB. 

Then PA^^ PB2=AN2^ NB^. 

Thus P must be a point in a straight line drawn ± AB 

through a point N in AB, such that AN^- NB^rsCD^. 

The point N may be found as in § 27, Ex. 9. There will 

evidently be two such points. 

3. A and B are two fixed points; find the locus of P, when 

2PA2+PBa is constant. 
P. 



Divide AB in C so that CB = 2AC, 
B and use § 37, Ex. 10. 




4. The base AB and the sum of the sides PA, PB of a A PAB 
are given ; find tlie locus of the point in which the bisector of the 
exterior angle at P meets the straight line through A perpen- 
dicular to PA. 



Let Q be one position of the point. 

DrawQR±PB, QN±AB. 
Prove QR=QA and PR=:PA; 
hence, show that QB^— QA^ is con- 
stant, and use Ex. 2. 




§41.] 
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6. Construct a trlangrle, having given the bcise, the area, and 
the sum of the squares on the two sides. 



p/ 






>8. 


/y 


^^^- 




\ 


L- 





' 


J 


tK 






/s 



The vertex of the triangle must lie on 
the locus found in § 23, Ex. 5, and 
also on the locus found in Ex. 1. 

It is, therefore, one of the four 
points of intersection. 



6. Find the locus of the vertex of a a ABO if the sum of the 
squares on the medians BE, CF is constant. 

In figure to § 37, Ex. 5, show that BG^+CG^ is constant. 

Use Ex. 1 to show that DG and hence DA is constant. 

7. A, B are two fixed points ; find the locus of P, when 

3PA2+PBa is constant. 

See § 37, Ex. 17. 

8. A, B» C are fixed i>oints ; find the locus of P, when 

PA2+PB2+P0a is constant. 

Use § 37, Ex. 11. Compare Exx. 1, 3. 

0. The hase AB and the difference of the sides PA, PB of a 
A PAB are given, find the locus of the point in which the 
bisector of the z P meets the straight line through A perpen- 
dicular to PA. 

Compare Ex. 4 and use Ex. 2. 

10. Oonstruct a triangle, having given the base, the area, 
and the difference of the squares on the two sides. 

Use Ex. 2 and § 23, Ex. 5. 

11. Construct a triangle, having given the base, and the sum 
and difference of the squares on the two slde& 

12. Construct a triangle, having given the base, an angle 
adja>cent to the base, and the siun of the squares on the two 
sides. 

13. Construct a triangle, having given the base, an angle 
adjacent to the base, and the difference of the sq\iares on the 
two sides. 

14. Construct a right-angled triangle, having given the 
hypotenuse, and the difference of the squares on the two 
sides. 



APPENDIX I. 

Enunciations of the Propositions of 
Euclid, Book II. 

1. If there be two straifflit lines, one of which is divided into 
any number of parts, the rectangle contained by the two lines 
is equal to the sum of the rectangrles contained by the \individed 
line and the several paxts of the divided line. 

2. If a straigrht line be divided into any two parts, the square 
on the whole line shall be equal to the sum of the rectang'les 
contained by the whole line and each of the parts. 

3. If a straight line be divided into any two paxts, the rect- 
angle contained by the whole line and one of the parts shall be 
equal to the square on that part, together with the rectangle 
contained by the parts. 

4. If a straight line be divided into any two parts, the square 
on the whole line shall be equal to the sum of the squares on 
the parts, together with twice the rectangle contained by the 
paxts. 

5. If a straight line be divided into two equal parts, and also 
into two vmequal parts, the rectangle contained by the unequal 
parts, together with the square on the line between the i>oints 
of section, shall be equal to the square on half the line. 

6. If a straight line be bisected and produced to any point, the 
rectangle contained by the whole line thus produced and the 
part of it produced, together with the square on half the line 
bisected, shall be equal to the square on the line made up of 
the half and the part produced. 

7. If a straight line be divided into any two parts, the square 
on the whole line, together with the square on one of the parts, 
shall be equal to twice the rectangle contained by the whole 
line and that part; together with the square on the other part. 



Enunciations of Euclid, Book II. i8i 

8. If a straifirht line be divided into any two parts, four times 
the rectangle contained by the whole line and one of the p€urts» 
together with the square on the other part, shall be equal to 
the squ£ure on the line made up of the whole and the first paxt. 

0. If a straight line be divided into two equal p€u*ts, and also 
into two \inequal p€u*ts» the sum of the squares on the two un- 
equal p€u*ts shall be double the sum of the squares on half the 
line and on the line between the points of section. 

10. If a straight line be bisected and produced to any point, 
the sum of the squares on the whole line thus produced, and on 
the part of it produced, shall be double the sum of the squares 
on half the line bisected, and on the line made up of the half 
and the part produced. 

11. To divide a straight line into two parts so that the rect- 
angle contained by the whole line and one part shall be equal to 
the square on the other paxt. 

12. In an obtuse-angled triangle, the square on. the side sub- 
tending the obtuse angle is greater than the sum of the squares 
on the sides containing the obtuse angle by twice the rectangle 
contained by either of these sides, and the produced part of it 
intercepted between the perpendicular let foil on it ft*om the 
opposite vertex and the obtuse angle. 

13. In every triangle, the sq\iare on the side subtending an 
acute angle is less than the sum of the squares on the sides con- 
taining that angle, by twice the rectangle contained by either 
of these sides and the part of it intercepted between the per- 
pendicular let fall on it from the opposite vertex and the acute 
angle. 

14. To describe a square that shall be equal to a given recti 
lineal flgura 
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Enunciations of Standard Theorems and Loci, 

§ 31, Ex. 1. If A, B, C, D be four points in order on the same 
straiffht line, the rectangle AC'BD shall be equal to the sum of 
the rectangrles AD'BC and AB'CD. 

§ 31« Ex. 3. The square on any strai^rbt line is four times the 
square on half the line. 

§ 32, Ex. 1. In a right-angled triangle, the squajre on the altitude 
ft*om the right angle is equal to the rectangle contained by the 
segments into which the altitude divides the hypotenuse; and 
the square on either of the sides which contain the right angle 
is equal to the rectangle contained by the hypotenuse and its- 
adjacent segment. 

§ 33, Ex. 1. The rectangle contained by the sum and the dif- 
ference of two straight lines is equal to the difTerence between 
their squares. 

§ 33, Ex. 4. The difference between the squares on two sides 
of a triangle is equal to twice the rectangle contained by the 
base and the segment of the base intercepted between its mid- 
point and the foot of the altitude. 

§ 34, Ex. 1. If, from the vertex of an isosceles triangle, a straight 
line be drawn to meet the base, or base produced, the difference 
of the squares on this line, and on one of the equal sides of the 
triangle, is equal to the rectangle contained by the segments of 
the base. 

f84, Ex. 2. If a straight line be divided externally, the 
square on the straight line is equal to the sum of the squares of 
the segrments diminished by twice the rectangle conta.ined by 
the segmenta 

S 35, Ex. 2. The square on the sum of two straight lines, to- 
gether with the square on their difference, is equal to twice 
the sum of the squares on the two straight lines. 
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§ 37, Ex. 1. In any triang-le, the sum of the squares on two sides 
is equal to twice the square on half the third side, toerether 
-with twice the square on the median which bisects it. 

§ 37, Bx. 11. G is the point of intersection of the medians of the 
A ABC, and P is any other point ; show that 

PA2+PB2+PC2=GA2+aB2+GC2+3PG2. 

S 88, Ex. 1. If there be two straight lines, the rectangle contained 
by the first and the projection on it of the second is equal to 
the rectangrle contained by the second and the projection on it 
of the first. 

§ 41, Ex. 1. Find the locus of a point, the sum of the squares 
of whose distances ft*om two griven points is equal to a eriven 
square. 

S 41, Ex. 2. Find the locus of a point, the difference of the squares 
of whose distances ft*om two griven points is equal to a given 
square. 



APPENDIX 11. 
MISCELLANEOUS DEDUCTIONS 

Euclid, Books I. and II. 

§§ 1-14. Euclid I., 1-32. 

Theorems. 

1. A and B are two fixed points, M is the mid-point of AB, and P 
is any other point in the same straigrht line ; show that when P is 
inAB, 

PA-PB=:2PM, 
and that when P is in AB produced, 

PA+PB=2PM. 

2. O A and OB a.re two fixed straight lines, OM is the bisector of 
the I AOB, and OP is any other straierht line throuerh O ; show that 
when OP falls within the i AOB, 

z PO A- z POB = 2 z POM. 
and that when OP falls without the i AOB, 

/. POA+ z POB=2 z POM. 

8. ABC is a triangle in which AB~ AC, D is a i>oint in the bisector 
of z A, DB and DC are joined and produced to E and F, so that 
B^»CF ; prove that A AEF is isosceles. 

4. ABC is a triangle whose base BC is trisected in D and E ; 
if AD= AE, show that AB« AC. 

5. In the quadrilateral ABCD, AB=CD and AC=BD. If AB and 
CO meet in O, show that OA=OD. 

6. In A ABC, AB=AC and the straight line PQ meets AB in P, 
and AC produced in Q ; show that z APQ > z AQP. 

7. In any quadrilateral ABCD the sum of the exterior angles at 
A and O is greater than either of the interior angles at B or D. 
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8. ABC is a trianfirle in which AB=AC ; P is a point in BC, and 
Q in BC produced ; show that AQ> AB and AP<AB. 

9. Half the perimeter of a triajigrle is grreater than any one side 
and less than any two sides. 

10. D is the mid-point of the side BC of the A ABC. If AB>AC, 
show that zBAD<zCAD. 

11. Q and B are points in BC» and P is any point within the 
aABC ; prove that BC+CA+AB>QR+RP4-PQ. 

12. ABCD is a quadrilateral whose diaeronals intersect in O, and 
P is any point within the a ABO ; show that 

PA+PB+PC+PD<AC+BD+2AB. 

13. If, in the /=7ABCD, E be a point in AB, or AB produced, such 
that C£=CD, show that ED bisects the z AEC. 

Examine the ca.se in which E is a point in B A produced. 

14. In the right-angrled A ABC, AB= AC, AC is produced to D. 
so that CD=BC, and CD to E, so that DE=BD ; show that 

I BEA is the eigrhth part of a rierht anerle. 

15. In the A ABC, D is the mid-point of BC, DO is ± BC and O 
is a point in DO such that AO =BO ; show that / BOC= 2 l B AC. 

16. In the A ABC, D is a point in AC, or AC produced, such that 
AD= AB ; show that z CBD =i ( z B * z C). 

17. ABC, ABD are adjacent supplementary angles, through P a 
point on the bisector of /: ABC, PQB is drawn || CD meetinfir AB in 
Q and the bisector of z ABD in B ; show that PQ=QB. 

18. In A ABC, AB> AC, BI, CI are the bisectors of zs B and C, 
and IX 1 BC ; show that i BIX > z CIX. 

10. ABC is a triangle, right-angled at A, and AB=AC, firom E, 
the mid-point of AC, EN is drawn ± BC ; show that BN^^SEN. 

20. ABC is a triangle, right-angled at A, AN is drawn ± BC and 
produced to P, so that AP=AB. If z ACP be a right angle, show 
thatPC=AN. 

21. The side BC of the a ABC is produced to D, and the bisectors 
of the ZB ABC, ACD meet in J ; show that z BJC=i z BAC. (rAi« i& 
the principle of HadUy's Sextant. ) 

22. If , in a quadrilatereU ABCD, z A= zB and z C= zD; show 
that AB II DC and AD^BC, 

23. Prove that every quadrilateral figure, not a square or rect- 
angle, must have at least one acute and at least one obtuse angle. 
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24. Show that no convex i>olyfiron can have more than three 
interior angles acute. 

25. Show that an equilateral triangle, a regular decagon and a 
regular fifteen-sided figure may be placed so as to have one vertex 
In common, and exactly fill up the space rovmd a point. 

26. Show that the number of diagonals of a polygon of n sides 
i8jn(u-3). 

27. In the A ABC, BC is produced to X from BX, BD is cut off 
equ£bl to AB, and from CX, CE is cut off equeU to AC ; show that 

(1) DB=BC+CA-AB, 

(2) /:ABD=JzO, 

(8) z ADE=rt. z + i/:B. 
(4) zDAE^JzA. 

28. In the A ABC, AB > AC, AK is the bisector of the z A, from 
AB, AG is cut off equal to AC, and GH parallel to AK meets BC 

in H, show that 

(1) CK=GK=HK, 

(2) zGHK=rt.z-i(zC-zB), 

(3) zGKH=zC-zB. 

29. In the A ABC, BQ and CB are the altitudes from B and C ; 
show that the straight lines drawn at right angles to BR, BQ. QC 
from their mid-points are concurrent. 

30. ABC is a triangle, right-angled at A, D is the mid-point of 
BC, and the bisector of z A meets the perpendicular drawn to BC 
through D in L ; show that DL= AD. 

31. The straight line joining the right angle of a right-angled 
triangle to a point in the hypotenuse, other than the midpoint, is 
greater than one of the segments of the h3rpotenuse base and less 
than the other. 

82. If, in the A ABC, BC be produced to X and AK be the bisector 
of the z A ; show that z ABX+ z ACX = 2 z AKX. 

83. In the A ABC the bisector of the z s B and C meet in I, and 
PIQ II BC meets AB and AC in P and Q, from P and Q lines are 
drawn l BI and CI meeting BC in B and S ; show that 

BO=PQ+RS. 

34. ABC is a triangle having AB= AC, and AB<BC : from BA, BC 
equal parts BD, BE are cut off and ED produced meets CA pro- 
duced in F. Show that 3 z ADE + z AFD=4 right angles. (Com- 
pare § 18, Ex. 14.) 

35. ABC is an isosceles triangle, the zA being a right angle; 
D is any point in AC. Prom C and D, CP and DP are drawn at 
right angles to BC and BD respectively. Show that DP>»DB. 
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§§ 15-21. Euclid I. 
Theorems. 

36. ABCD is a parallelogram, and equilateral as ABE, CDF 
are described on AB, CD towards the same parts; show that 
ABFD, BEFC, are parallelogrrams. 

37. In the /=7 ABCD, AB is produced to E and CD to F, so that 
AE~ CF ; show that BEDF is a peui'allelogrram. 

38. If, through the vertices of a parallelogram, straight lines 
be drawn making equal angles, towards the same parts, with 
the sides of the parallelogram ; show that the figure contained 
by these four straight lines, when produced to meet, Is also a 
parallelogram. 

89. P is any i>oint in the side CD of the c=i ABCD. From C and D, 
CQ and DB are drawn parallel to PB and PA, meeting AB pro- 
duced in Q and B. Show that the length of QB is independent of 
the position of P. 

40. ABCD is a trapezium and AD || BC ; E, F, G, H are the mid- 
points of AB, BD, AC, CD ; if AF and DG meet in a point on BC, 
show that BC=2AD, and EF=FG=GH. 

41. ABC, DEF are two triangles, AB, BC are equal, parallel and 
drawn in the sajne direction as DE, EF; if AD, BE, CF be Joined, 
show that three parallelograms are formed, one of which is equeJ 
to the sum of the other two. 

42. In the A ABC, E and F are the mid-points of AC and AB, BE 
and CF meet in G ; show that 

A ABC =8 A CGB = 4 A CEF = 12 A EFG. 

43. In the A ABC, D and E are the mid-points of BC and CA, and 
K is the mid-point of AD ; show that 

A ABC s= 8 A KBE. 

44. GAB and OCD are two straight lines which meet in O ; 
show that A BCD > A ACD. 

45. The parallelogram formed by Joining the mid-points of the 
adjacent sides of a qviadrilateral is a rhombus or a rectangle 
according as the quadrilateral is a rectangle or a rhombus. 

46. The area of a trapeziimi is determined when its altitude and 
the sum of its parallel sides are given. 



1 88 Miscellaneous Deductions 

47. ABCD is a rectaJigle ; P, Q are points in AD, BC such that' 
8AP=AD, 8BQ=5BC ; show that 8 area APQB=3 a BCD. 

48. In the A ABC, D, E, F are the mid-points of BC, CA, AB ; if 
the£=7 FBEH be completed, show that HC=AD. 

49. The distances of the mid-point of the base of a triangle 
ftom the foot of the perpendicular drawn from either extremity 
of the base to the bisector of the verticcd angle is equal to half 
the difTerence between the sides. 

50. If in a trapezium one of the parallel sides be twice the other, 
the point of intersection of the diagonals shall be a point of tri- 
section of each diagonal. 

51. O is the i>oint of intersection of the diagonals of the tra- 
peziimi ABCD, in which AD || BC. Through O, POQ is drawn II AD, 
meeting AB and CD in P and Q ; show that PO=OQ. 

52. Three parallel straight lines AD, BE, CF are drawn through 
the vertices of the A ABC meeting the opposite sides (produced 
when necessary) in D, E, F ; show that A DEF=2 A ABC. 

58. In the isosceles A ABC, AB=AC, and points P and Q are 
taken in AB, AC such that AP=CQ ; show that A ACP= a BCQ. 

54. If the straight line which joins the mid-points of the diagonals 
of a quadrilateral be peu:*allel to one side, it shall also be parallel to 
the opposite side. 

55. D, E, F are the mid-points of BC, CA, AB, the sides of the 
A ABC; All, BM, CN are drawn perpendicular to EF, FD, DE ; show 
that AL, BM, CN are concurrent. 

56. A, B and C are three points in order on a straight line, such 
that BC=2 AB. Through these points pcui'allel straight lines AP, 
BQ and CB are drawn meeting a given straight line DE in P, Q 
and B ; show that 2 AP :h CR-3 BQ a,ocording as A and C are on 
the same or on opposite sides of DE. 

57. ABCD is a £=7, BE parallel to AC and CE peui'allel to DB meet 
in E ; AE, DE meet BD, AC in H, K ; show that BC=2 HK. 

58. O is any point within the a ABC and c-r a BOCD, COAE, 
AOBF are completed ; show that A DEF=> a ABC. 

59. OA, OB and OC are three straight lines such that z BOC 
s ^ COA= z AOB. From any point P perpendiculars are drawn to 
OA, OB and OC, produced if necessary; show that one of these 
perpendicvQars is equal to the siun of the other two. 



Book I. — Theorems 189 

00. A, B, C cure three points, AB is bisected at D and DO is divided 
at O, so that GK:;=2 DO ; througrh A, B, O, Q parallel straigrht Unes 
AA\ BB\ CO, GGK, are drawn, meeting a straight line PQ in A', B', 
C, GK ; show that AA'dbBB'iOCssiS QQ', the negative signs being 
taken when B, O, O are on the opposite side of PQ from A. 

61. A straight line XY is drawn through O, the point of intersec- 
tion of the medians of the a ABO ; through A, B, O parallel straight 
lines AA', BF, OO are drawn, meeting XY in A', B', C ; show that 
AA'^BRzbOO'sO, the negative signs being taken when B, O are on 
the opposite side of XY from. A. 

€2. ABOD is a qviadrilateral, E and F are the mid-points of AO 
and BD, and G is the mid-point of EF ; through A, B, O, D parallels 
AA', BB', 00', Diy are drawn, meeting XY a straight line through G 
in A. R, a. D' ; show that 

V AA'±BB'±OO'dbDD'=0, 
the negative signs being taken when B, O, D are on the opposite 
side of XY from A. 

63. Ai, A2, Aa are three equidistant points on one straight line, 
Bi, B,, Bs are three equidistant i>oints on another straight line ; 
three parallel straight lines AiPj, A2P2. AsPs meet three other 
parallel straight lines B|Pi, BaPx, B3P3, in Pi, Ps, P., ; show that 
P„ P2, Pa are collinear. 

64. ABOD is a parallelogram, P is a point in AD, and PQ is drawn 
parallel to AB to meet BO in Q, B is a point in AB, and BS is drawn 
pctf'allel to AP to meet OD in S ; show that 2 a AQS=c=7BD - /=7 PB. 

65. P is any point on the diagonal AO of the ^=7 ABOD, or on 
AO produced; show that A PAB=a PAD. Oonversely, if the 
A PAB= A PAD, show that P must be a point on the diagonal of 
the parallelogram which has AB, AD as two adjacent sides. 

66. ABOD is a parallelogram and P is any point, through P are 
drawn GH || BO and EF il AB, meeting the sides of ABOD in E, F, G, H ; 
show that EG, HF, and one of the diagonals of ABOD are con- 
current. 

67. ABOD is a quadrilateral ; AB, OD meet at E ; AD, BO meet 
at F ; P, Q, R are the mid-points of AO, BD, EF ; show that P, Q, R 
are collinear. 

68. ABO, ODE are triangles of equal area, so placed that AO, OE 
and also BO, OD form straight lines ; show that the straight line 
joining the mid-points of AD and BE passes through O. 

60. The diagonals of a quadrilateral intersect at right angles. 
Show that it is possible in this case to turn over the four comers 
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so that the vertices may meet in a point, and the area be every- 
where doubled. 

70. ABCD is a quadrilateral and ABCE is a parallelogram. Prove 
that A BCD= A ACD± A CDE, accordiner as A and E are on opposite 
sides or on the same side of CD. 

71. ABCD, EBCF are two parallelograms on the same base and 
between the same parallels. If AC, BF meet in G, and BE, CD in H ; 
show that GH (produced if necesscury) passes through the mid- 
I>oints of BO and DE. 

72. ABGD, AHFE are two eqiml parallelograms having the 
z BAD identical with the i HAE ; show that BE II CF J| HD. 

73. With the same data, if BC, EF (produced if necessary) meet 
in O, and DC, HF in P ; show that the points A, O and P are in 
one straight line. 

74. ABC is a triangle, P is any point in AB, and the c=i PBCB is 
completed. If PB meet AC in Q, show that a APB^ a ABQ. 

75. ABC is a triangle, right-angled at A ; squares ABFG, ACKH 
are described externally to the triangle on the sides AB, AC ; 
BK, OF meet AO, AB at N, M; show that aAHN=>aBCN, and 
aAGM=«aBCM. 

76. With the same data a^s in the previous Ex., show that 

AB«-AC= = CF»-BK». 

77. Show that the sum of the squares on the lines Joining any 
point in its plane to the vertices of a rectangle is double the sum 
of the squares on the perpendiculars drawn ft*om that point to 
the sides of the rectangle. 

78. In the a ABC, D, E, F are points in BC, CA, AB such that 

AF»+BD2+CB«=AEa+BF*+OD* ; 
shoy that the perpendiculars drawn to the sides of the triangle 
through D, E, F are concurrent. (rAi* i* tu converse to § 20, Ex. 1.) 

79. P, Q, B are the feet of the altitudes of the A ABC, AF J.QB, 
BQ'J.RP, OR'lPQ; show that AF, BQ', OR' are concurrent. (This 
may be shovm to depend on the previous Deduction.) 

80. If the perpendiculars ft*om the vertices of the a ABC on the 
sides of a A PQR are concurrent, show that the perpendiculars 
from the vertices of the a PQR on the sides of the a ABC are 
also concurrent. 
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81. D, E, F are the mid-points of the sides of the a ABC ; OP, OQ, 
OR are three perpendiculars to the sides from a point O ; F, Q', B' 
are points on BC, CA, AB such that DP^^DF, etc. ; show that the 
perpendiculars drawn to the sides of the A ABC throu^rh F, Q', B' 
are concurrent. 

82. ABCD is a square whose diagronals intersect in O, and P is a 
point such that OP=OA ; show that PA2+PB2+PC3+PD2=4 AB^. 

sa P and Q are points on the same side of a straigrht line AB, 
B is the imaere of P in AB ; (See § 21, Ex. i. Note) ; show that PQ<QR. 

84. D, E, F are the imaeres of A, B, C in a given straight line ; show 
that A DEF= A ABC. 

86. If from the extremities of the base of a triangle straight lines 
are drawn to any point in the bisector of the exterior vertical 
angle, their sum shall be greater than the stun of the two sides. 

86. Of all triangles which have the same vertical angle and the 
same altitude, show that the isosceles has the smallest area and 
smallest base. 

87. Of all rectilineal figures which have the same area and the 
same niimber of sides, show that the equilateral ha.s the least 
perimeter. 

88. Of all rectilineal figures which have the same perimeter and 
the same niimber of sides, show that the equilateral ha.s the 
erreatest area. 

80. ABODE is a pentagon in which AB = BC » CD ^ DE, and 
z B= z D » right angle. If O be the mid-point of AE, and BO, OD 
b^oined, prove that i BOD = right angle, and that the three parts 
into which the pentagon is divided can be put together so as to 
form a square. 

90. On each side of a triangle equilateral triangles are described 
outwards ; show that their orthocentres are the vertices of an 
equilateral triangle. 
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§§ 22-30. Euclid, I. 
Problems, 

91. AX and AY are two straiffht lines, through A draw a 
straifirlit line PQ such that z PAX= / QAY. 

02. On a given straight line construct a regiilar heza.gon. 

93. Trisect cm angle which is equal to (1) one-half, (2) one-fourth 
of a right angle. 

94. Find the position of a point such that the s\im of its distances 
from the vertices of a q\iadrilateral may be a minimum. 

95. ABO is a tricuigle and D, E, F are the mid-points of its sides ; 
find the position of a point such that the s\im of its distances from 
the six points A, B, O, D, E, F may be a minimiim. 

96. Through a griven point A, draw three straight lines AP, AQ, 
AB such that they may be of given lengths, which satisfy the 
condition AP+AB>2AQ, and that Q may be the mid-point of PB. 



\ 



\ 
I 

Lod, I 

. 97. ABOD is a pcu^allelogram of constant area on a given base \ 

BO. Find the locus of the mid-point of AB. 

98. Find the locus of the point of intersection of the diagonals 
of a parallelogram of given area described upon a given base. 

99. ABC is a triangle and P is any point in BO ; PQ, PB, are 
drawn parallel to AB, AC, meeting AC, AB in Q and B ; AP, QB 
meet in O ; find the locus of O. 

100. ABO is a triangle of constant area on a fixed haae BO; its 
medians intersect in G ; find the locus of G. 

101\ Find the locus of a point at which two equal segments of a 
given straight line subtend equal angles. 

102. t^d the locus of a point, the sum of whose distances from 
two parallel straight lines is equal to a given straight line greater 
than the distance between the parallel straight lines. 

103. Find the locus of a point, the difference of whose distances 
from two parallel straight lines is equal to a given straight line 
less than the distance between the parallel straight lines. 
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104. Find the locus of a polnt» the sum of whose dlstancea from. 
two parallel straigrht lines is equal to the distance between the 
parallel straigrht lines. 

105. Find the locus of a point, the difference of whose distances 
from two parallel straigrht lines is equal to the distance between 
the parallel straigrht lines. 

106. Find the locus of a point, the s\im of whose distances from 
two intersectingr straigrht lines is eqxial to a griven straigrht line. 

107. Find the locus of a point, the difference of whose distances 
from two intersectingr straigrht lines is equal to a griven straigrht 
line. 

108. A is a fixed point and XY a fixed straight line ; P is any 
point in XY and PQ is drawn so thatz APX = zQPY, and so that 
AP+PQ = a griven straigrht line ; find the locus of Q. 

109. The lengrths of the sides of a parallelogrram are griven, and 
one side is fixed in position ; find the locus of the point of inter- 
section of the diagronals of the parallelogrram. 

110. ABC is a triangrle ; PQ II BC meets AB, AC in P, Q ; BQ, CP 
intersect in O ; find the locus of O. 

111. The base BC of the a ABC is fixed, and the median from B 
is of constant lengrth ; find the locus of A. 

112. Find the locus of the vertex of a rigrht-angrled triangrle 
whose hypotenuse is a griven straigrht line. 

113. OX, OY are two straigrht lines griven in position and at 
rigrht angrles to one another; A, B are points in OX, OY, such 
that OA2+OB3 is constant ; find the locus of the mid-point of AB. 

114. On a fixed straight line AB, aAAPB is described, rigrht- 
angrled at P ; Q, B are the mid-points of AP, BP, and S is the mid- 
point of QB ; find the locus of S. 

115. ABCD is a parallelogrram, and P is a point within the 
/. ABD ; if the difference between the as PBC and PBD be con- 
stant, find the locus of P. 

116. P is a point within a £=7 ABCD, througrh P straigrht lines are 
drawn parallel to the sides of the paiullelogrram ; if the difference 
between the parallelogrrams PA, PC remain constant, find the 
locus of P. 



N 
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Analysis and Syntliesis^ etc. 

117. A, B, C, D are fixed points; find a point equidistajit fix>m 
A and B, such that the soun of its distances from C and D shall 
he a TninlTTnim. 

118. A'g, AY are two straiffht lines; draw a straigrht line BC 
meetinfir AX, AY in B, C, so that BC shall be equal and parcdlel 
to a sriven straight line. 

119. AX, AY are two straigrht lines; draw a straight line BC 
meetinfir AX, AY in B» C, so that BC shall be equal to a given 
straight line, and shall make equal angles with AX, AY. 

120. A, B, C are three given points; through A draw a straight 
line PQ, such that the distances from A to the feet of the per- 
pendiculars drawn to PQ from B and C may be equal. 

121. Find a point P in the h3^potenuse BC of the right-angled 
triangle ABC, such that if PQ be drawn perpendiculcu* to AC 
meeting it in Q, BP=PQ. 

122. AX, AY are two griven straight lines and P is a given point. 
Through P draw a straight line meeting AX and AY in Q and B, 

so that 

(1) AQ^AB, 

(2) AQ=QB. 

123. ABC is a triangle, find points P, Q in AB, AC, so that 

(1) PQ II BC and AP:=CQ, 

(2) PQ II BC and PQ^CQ. 

(3) PQ=AP=CQ. 

124. AB, AC are two given straight lines which form an axsute 
angle, and P is a point within the angle. Find points Q and B 
in AB and AC, such that PQ, QB make equal angles with AB, 
and QB, BP make equal angles with AC. Show that your con- 
struction makes PQ+QB+BP a Tninimum. 

125. E and F are two given points within the A ABD of the 
rectangle ABCD ; find four points P, Q, B, S in AB, BC, CD, DA, 
such that the rectilineal path EPQBSF may be a mlnlmnm. 

126. E is a point within the A ABD of the rectangle ABCD ; find 
four points P, Q, B, S in AB, BC, CD, DA, such that the rectilineal 
path EPQBSE may be a minimum, and show that the length of 
the path is independent of the position of E. 
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Construction of Triangles, etc. 

127. Construct an isosceles triangrle which shall have the ver- 
tical anerle equal to four times an angrle at the ba,se. 

128. ABCD is a parallelogram and E is a point in AB ; construct 
on AE as base, and with EAD as one of its angles, a parallelo- 
gram equal to ABCD. 

129. Construct an isosceles triangle which shall have one-third 
of each of the angles at the base equal to half the vertical angle. 

180. Construct a right-angled triangle, having given its peri- 
meter and one of the acute angles. 

131. Construct a A ABC, having given 

(1) AB, AC and the altitude firom A ; 

(2) z B, z C and the altitude from A ; 
(8) z B, BC and the median from A ; 

(4) BC, CA and the angle between BC and the 
median from A. 

132. Construct a triangle, having given the perimeter, the 
altitude from the vertex, and one angle at the base. 

183. Construct a A ABC, having given BC+CA-AB, z B, / C. 

(See Miscellaneous Dedtiction 27, page 186.) 

134. Construct a A ABC, in which AN is the altitude from A, 
and AK is the bisector of the z A, having given 

(1) BN, BK, z B ; 

(2) BK, CK, z B ; 
(8) CK, z B, z C ; 
(4)BK,CK, zB-zC; 
(5) AK,BK, zB-zC; 
(e)BN, BK,JzA+zB; 
(7) AB.AK,JzA+zC. 

135. Construct a rectangle ABCD, having given 

(1) AB and AC ; 

(2) AB+BC and AB-BC ; 

(3) ACandAB+BC; 

(4) AC and AB '--BC ; 

(5) AB and AC+BC ; 
(0) ABandAC-BC. 



196 Miscellaneous Deductions 



136. Construct a £=7ABCD, whose diaeronals intersect in O, 
having given 

(1) AB. AO+BO, z A ; 

(2) AB, AC'^'BC, z A; 
(8) AC, AB+BO, z A ; 

(4) AC, AB-BC. zA; 

(5) AB, AC+BD, z AOB ; 

(6) AB, AC'^'BD, z AOB. 

187. Construct a rhombus ABCD, having given 

(1) ABandAC; 

(2) AB and AC+BD ; 
(8) ABandAC -BD; 

(4) AC+BD and z A ; 

(5) AB+ACandz A. 

138. Construct a parallelogram, such that two of the sides shall 
lie on two given parallel straight lines, the other two sides shall 
pass through two given points, and the area shall equal a given 
area. 

139. If A be a given point, BC and DE two given parallel straight 
lines, construct a square APQB, so that 

(1) P and Q may lie on BC and DE ; 

(2) P and B may lie on BC and DE. 

140. Construct a trapeziiim, having given one vertex, the mid- 
points of the diagonals, and the mid-point of one of the parallel 
sides. 

141. Construct a quadrilateral, having given two opposite sides, 
the diagonals, and the angle contained by the diagonals. 

142. Inscribe a square in the space enclosed by two equal 
intersecting circles. 

148. In a given square inscribe a square whose area shall be 
three-fourths of the area of the given square. 

144. Describe a square whose four sides shall pass respectively 
through four given points. 

Show that, in general, six squares may be so described if the 
four points may be taken in any order. 

Consider separately the cases in which the four points form c 
parallelogram, a rectangle, a rhombus, and a square. 
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§§ 31-41. Euclid II. 
Theorems. 

146. ABC is a trlan^rle, rigrbt-angrled at A, and AC or CA is pro- 
duced to E, BO that AC'AE=AB2; show that AC'CEsBCa. 

146. If P be any point within a A ABC, and PL, PM, PN be 
drawn ± BC, CA, AB ; show that 

BCHCAH ABa«2(BC • BL+CA • CM+ AB • AN). 

147. A, B, C, D, E are five points in order on the same straigrht 
line, and AB = CD ; show that AE • DE+BD • CD = BE • CB. 

148. If a straierht line be divided into any niimber of segrments, 
the square on the whole line is equal to the sqiiares on the 
segrments, togrether with twice the rectanerles contained by each 
pair of segrments. 

149. K is any point on the diagronal AC of a rectangrle ABCD ; 
EKF parallel to BC meets AB, CD in E, F, and GKH parallel to AB 
meets AD, BC in G, H ; show that 

AK.KC=EK-KF+GK.KH. 

150. A, B, C, D are four points in order in the scune straight line ; 
show that AD2+BCa= AC2+2AB • CD+BD^. 

151. A, B, C, D, E are five points in order in the same straigrht 
line, and AB=BC, CD=DB ; show that AD2+3DE2=BE2+3ABa. 

152. ABC is a triangrle, rigrht-angrled at A, and ANi.BC ; show that 

(BC+AN)2=(AB+AC)2+AN2. 

153. ABC is a triangrle, rigrht-angrled at A ; show that 

(BC+CA+AB)2=2 (BO+CA) (AB+BC). 

154. ABCD is a square ; P and Q are two points in BD ; show that 

AP2-AQ3=PQ (PB-QD). 

155. Of all parallelogrrams with equal perimeters, the square 
has the grreatest area. 

156. ABCD is a square ; O is the mid-point of BD and P is any 
other point in BD ; OM, PN are perpendicular to AB ; show that 

AM2 > AN- PN and that a AOM > a APN. 

157. A, B, C, D are four points in order in the same straigrht line, 
andAB=BC; showthat AD2-BD9=3AB3+2AB.CD. 
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158. ABCD is a quadrilateral, rigrht-angrled at B and D. If 
AB+AD > BC+OD, show that AB^AD < BC-^^CD. 

159. In the a ABC, AN is the altitude from A, and P is any point 
in AN ; show that AB^AC < PB^PO. 

160. In the A ABC, AK is the bisector of the i A, and P is any 
point in AK ; show that 

AB-AO>PB-PC. 

161. ABCD is a crossed quadrilateral in which AB||CD and 
ADIBC ; E, F, G, H are the mid-points of AB, CD, AD, BC ; show that 

AB2-CD2=4BF.GH. 

162. AB is bisected in O and divided in P ; show that 

^P2+PB2=2 AP- PB+4 OP2. 

163. In the flfirure of §36, Ex. 1, show that 

(1) AH> BH. H'A> AB; 

(2) AB2=H'AAH=H'BHB; 

(3) AB2=2HB2+3AHHB=2H'B2-3H'A.H'B; 

(4) (AB+BH)2=5AH2 ; (AB+H'B)2=:5H'A2. 

164. AB is divided in H, so that AB-HB=AH2, and produced to 
K,sothatBK=AH; show that AK*BK==AB2. 

165. ABC is a triangle, rigrht-angled at A, and AN is perpen- 
dicular to BC. If AC = BN, prove that BC is divided in medial section. 

166. If, in the figure of § 36, Ex. 1, an equilateral triangle PAH 
be described, show that PB= AG. 

167. In any rlgrhtangled triangle, twice the sum of the squares 
on the medians is equal to three times the squaie on the h3rpo- 
tenuse. 

168. The base BC of a a ABC is trisected in D and E ; show that 

AB2+AC2=AD2+AE2+4DE2. 

169. ABC is a triangle, right-angled at A, and BC is trisected in 
D and E ; show that 

3(DB2+ E A2+ AD2) = 2BC2. 

170. In A ABC, AB > AC, BC is trisected in D and E ; show that 

AB« - AC2=8 (AD2 - AE2). 

171. ABCD is a qucwirilateral ; F, H are the mid-points of BC, 
DA, and I, J are the mid-points of AC, 6D ; show that 

AB2+CD2=2 FH2+2 IJ2. 
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172. A is a griven point and BX a griven straigrht line ; P and Q 
are two points In BX such that AP»+BP2=AQHBQ2; if O be the 
mid-point of AB, show that CP=CQ. 

173. Show that the triangrle is acute-angrled whose sides measure 
50, 41, and 39 inches respectively, and find the length of the 
altitude drawn to the shortest side. 

174. Show that the triangle is obtuse-angled, whose sides 
measure 52, 33, and 25 inches respectively, and find the length 
of the altitude drawn to the intermediate side. 

175. A, B, C, D are four points in order on the same straight 
line, E is the mid-point of AB, G of CD, and O of EG ; if P be 
any other point in the line, show that 

PA2+PB2+PC2+PD2=OA2+OB2+O02+OD2+4PO2. 

176. E, F, G, H are the mid-points of AB, BC, CD, DA, the sides 
of a quadrilateral ABCD ; show that 

AB2+CD2+2EG*=BC«+DA2+2PH2. 

177. In the A ABC, E is the mid-point of AC and ANIBC ; show 
that BC*BN=BE2^CB«. 

178. G is the point of intersection of the medians of the A ABC, 
and P is any other point, show that 

3(PA2+PB2+PC«)=BC2+OA2+AB2+0PG2. 

179. ABCD is a qua.drilateral ; E is the mid-point of AB, G of CD 
O of EG and P is any point ; show that 

PA»+PB2+PC2+PD2=OA2+OB2+OC3+OD2+4P02. 

180. ABC is a triangle right-angled at A, and BC=2AC ; D is a 
point in AC produced, such that CD=BC ; show that BD2=3BC2. 

181. ABC is an equilateral triangle in which BC is produced to D, 
so that CD==2BC; show that AD2=7AB2. 

§§ 39-41. Euclid II. 
Problems. 

182. Construct a sqxiare equal to one-third of a given square. 

183. Construct a rectangle equal to a given regular hexagon. 

184. Construct a rectangle equal to a given regular octagon. 

185. Construct two lines, having given their sum and the area of 
the rectangle they contain. 
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186. Construct a triangrle, having: griven the base, the median to 
the base, and the difference of the squares on the two sides. 

187. Divide a griven straigrht line so that the sum of the squares 
on the segrments may equal a griven square. 

188. If C be a griven point in AB, find a point P in AB produced j 

such that 

AP2+PB2=2A02+20B3. • I 

189. A, B, G, D are four points ; find the locus of a fifth point P 
such that PA2+PB2+P02+PD2 is constant. j 

190. A, B, C, D are four points ; find the locus of P such that 

PA2+PB2=PC2+PD2. .! 

191. Find two straigrht lines, havingr griven the sum and difference > 
of their squares. j 
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